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13-0: Language Hierarchy

Re gul ar  Regular Expressions
Finite Automata
Languaes

Context Free Context-Free Grammars
Push-Down Automata
Languages

Recusively Enumerable

Languages 2
Turing Machines

13-1: CFG Review
G=(V,%,R,S)

e 1/ = Set of symbols, both terminals & non-terminals

e > C V set of terminals (alphabet for the language being described)
e RC ((V—-2X) x V*) Set of rules

e S e (V —X) Start symbol

13-2: Unrestricted Grammars
G=(V,X,R,S)

e 1/ = Set of symbols, both terminals & non-terminals

e ¥ C V set of terminals (alphabet for the language being described)
e RC (V¥(V =X)V* x V*) Set of rules

e S e (V —1X) Start symbol

13-3: Unrestricted Grammars

e RC (V¥(V —X)V* x V*) Set of rules

o In an Unrestricted Grammar, the left-hand side of a rule contains a string of terminals and non-terminals (at least
one of which must be a non-terminal)

o Rules are applied just like CFGs:

o Find a substring that matches the LHS of some rule

e Replace with the RHS of the rule

13-4: Unrestricted Grammars

o To generate a string with an Unrestricted Grammar:
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e Start with the initial symbol
e While the string contains at least one non-terminal:

o Find a substring that matches the LHS of some rule
e Replace that substring with the RHS of the rule

13-5: Unrestricted Grammars

e Example: Grammar for L = {a"b"c" : n > 0}

e First, generate (ABC)*
e Next, non-deterministically rearrange string

e Finally, convert to terminals (A — a, B — b, etc.), ensuring that string was reordered to form a*b*c*

13-6: Unrestricted Grammars

S — ABCS
S — Tc
CA — AC
BA — AB
CB — BC
e Example: Grammar for L = {a"b"¢" : n >0} CT¢ — Tcec
T —1Tp
BTg — Tgb
TB — TA
ATA — TACL
TA — €
13-7: Unrestricted Grammars
S = ABCS = AAT zbbce
= ABCABCS = AT qabbce
= ABACBCS = Tpraabbce
= AABCBCS = aabbcc
= AABBCCS
= AABBCCT¢ 13-8: Unrestricted Grammars
= AABBCTcc
= AABBTccc
= AABBTgcc
= AABTgbcc
= AATgbbcc
S = ABCS = AAABBBBCCCTg
= ABCABCS = AAABBBCCT¢cc
= ABCABCABCS = AAABBBCTccc
= ABACBCABCS = AAABBBTccce
= AABCBCABCS = AAABBBTEgcce
= AABOBACBCS ~ AAABBTpbece 13-9: Unrestricted Grammars
= AABCABCBCS = AAABTgbbcce ’
= AABACBCBCS = AAATgbbbcce
= AAABCBCBCS = AAAT 4bbbcce
= AAABBCCBCS = AAT sabbbccee
= AAABBCBCCS = AT paabbbece

= AAABBBCCCS = Tsaaabbbcce = aaabbbece



CS411-2015F-13 Unrestricted Grammars

e Example: Grammar for L = {ww : w € a,b"}
13-10: Unrestricted Grammars
e Example: Grammar for L = {ww : w € a,b"}

e Hints:

e What if we created a string, and then rearranged it (like (abc)* — a™b™c™)
13-11: Unrestricted Grammars
e Example: Grammar for L = {ww : w € a,b*}

e Hints:

e What if we created a string, and then rearranged it (like (abc)* — a™b™c™)

e What about trying ww? ...

13-12: Unrestricted Grammars

o L={ww:w€a,b"}

S =8z

S’ —aS'A

S’ —bS'B

S =«
AZ —>XZ BZ —=YZ
AX — XA AY —=YA
BX — XB BY —YB
aX —aa aY —ab
bX —ba bY —bb

13-13: Unrestricted Grammars

e Ly is the set of languages that can be described by an Unrestricted Grammar:
e Lyg = {L : 3 Unrestricted Grammar G, L|G] = L}

e Claim: Lyg = L.

e To Prove:

e Prove Lyg C L.

e Prove L,. C Ly
13-14: Lyg C L.
e Given any Unrestricted Grammar G, we can create a Turing Machine M that semi-decides L[G]
13-15: Lyg C Lye
e Given any Unrestricted Grammar G, we can create a Turing Machine M that semi-decides L[G]

e Two tape machine:
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e One tape stores the input, unchanged
e Second tape implements the derivation

e Check to see if the derived string matches the input, if so accept, if not run forever

13-16: Lyg C Ly,

e To implement the derivation on the second tape:

e Write the initial symbol on the second tape
e Non-deterministically move the read/write head to somewhere on the tape
e Non-deterministically decide which rule to apply

e Scan the current position of the read/write head, to make sure the LHS of the rule is at that location

e Remove the LHS of the rule from the tape, and splice in the RHS
13-17: Lyg C L,.
Input Tape
D| |alalblb|c|c oo

Work Tape

D |S
A

13-18: Lyg C Ly,

Input Tape

>l |ala|blblc|c cee
A

Work Tape

N
A

13-19: Lyg C Ly,




CS411-2015F-13 Unrestricted Grammars

Input Tape

>l |ala|blblc|c

A

Work Tape

b AB(C[S

A

13-20: Lyg C Ly,

Input Tape

>l |ala|blblc|c

A

Work Tape

b AB(C[S

13-21: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

> JABICIABIC|S

A

13-22: Lyg C Ly,
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Input Tape

>l |ala|blblc|c

A

Work Tape

> JABICIABIC|S

A

13-23: Lyg C Ly

Input Tape

>l |ala|blblc|c

A

Work Tape

> JABIAIC[BIC|S

A

13-24: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

> JABAIC[BC|S

A

13-25: Lyg C Ly,




CS411-2015F-13

Unrestricted Grammars

Input Tape

>l |ala|blblc|c

A

Work Tape

> JAABIC[BIC|S

A

13-26: Lyg C Ly

Input Tape

>l |ala|blblc|c

A

Work Tape

> JAABICBIC|S

13-27: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

> AWBB(C/C|S

A

13-28: Lyg C Ly,
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Input Tape

>l |ala|blblc|c

A

Work Tape

> AWBB(CIC

|_gll0p

13-29: Lyg C Ly

Input Tape

>l |ala|blblc|c

A

Work Tape

> AABB(CCIT,

A

13-30: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

> JAABBICC[T,

13-31: Lyg C Ly,




CS411-2015F-13 Unrestricted Grammars

Input Tape

>l |ala|blblc|c

A

Work Tape

> IAABBIC[T]c

A

13-32: Lyg C Ly,

Input Tape

>l |ala|blblc|c

A

Work Tape

> IAABBIC[T)c

13-33: Lyg C Ly,

Input Tape

>l |ala|blb|c|c
A

Work Tape

Dl IAJABB[T|c|c
A

13-34: Lyg C Ly,
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Input Tape

>l |ala|blblc|c

A

Work Tape

>l IAIABB

L
13-35: Lyg C Ly,

Input Tape

>l |ala|blblc|c

A

Work Tape

> IAJAIBB[L|c|c

A

13-36: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

DI IAJABB[L|c|c

A

13-37: Lyg C Ly,
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Input Tape

>l |ala|blblc|c

A

Work Tape

>l IAJAB[Lblc|c

A

13-38: Lyg C Ly,

Input Tape

>l |ala|blblc|c

A

Work Tape

>l IAJAB[Lblc|c

A

13-39: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

> IAJA[Lb|blc|c

A

13-40: Lyg C Ly,
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Input Tape

>l |ala|blblc|c

A

Work Tape

> IAJA[Lb|blc|c

A

13-41: Lyg C Ly

Input Tape

>l |ala|blblc|c

A

Work Tape

> IAJA[L|b|blc|c

A

13-42: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

>l IAJA[Lb|blc|c

A

13-43: Lyg C Ly,
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Input Tape

>l |ala|blblc|c

A

Work Tape

> |A[T|alb|blc|c

A

13-44: Lyg C Ly,

Input Tape

>l |ala|blblc|c

A

Work Tape

> |A[T|alb|blc|c

A

13-45: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

A

Work Tape

DI [T\ ala|blblc|c

A

13-46: Lyg C Ly,



CS411-2015F-13

Unrestricted Grammars

14

Input Tape

>l |ala|blblc|c

A

Work Tape

> [T)ala|blblc|c

A

13-47: Lyg C Ly

Input Tape

>l |ala|blblc|c

A

Work Tape

>l |ala|blb|c|c

A

13-48: Lyg C Ly,

Input Tape

>l |ala|blb|c|c

Work Tape

>l |alalb|blc|c

A

13-49: L,. C Lyg

e Given any Turing Machine M that semi-decides the language L, we can create an Unrestricted Grammar G

such that L[G] = L
13-50: L. C Lyg
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e Given any Turing Machine M that semi-decides the language L, we can create an Unrestricted Grammar G
such that L[G] = L

e Will assume that all Turing Machines accept in the same configuration: (h, >L)

e Not a major restriction — why?
13-51: L. C Lyg

e Given any Turing Machine M that semi-decides the language L, we can create an Unrestricted Grammar G
such that L[G] = L

e Will assume that all Turing Machines accept in the same configuration: (h, >L)
e Not a major restriction — why?

e Add a “tape erasing” machine right before the accepting state, that erases the tape, leaving the read/write
head at the beginning of the tape

13-52: L, C Lyg

e Given any Turing Machine M that semi-decides the language L, we can create an Unrestricted Grammar G
such that L[G] = L

e Grammar: Generates a string

e Turing Machine: Works from string to accept state
e Two formalisms work in different directions
e Simulating Turing Machine with a Grammar can be difficult ..
13-53: L, C Lyga
e Two formalisms work in different directions

e Simulate a Turing Machine — in reverse!
e Each partial derivation represents a configuration

e Each rule represents a backwards step in Turing Machine computation
13-54: L. C Lyg
e Givena TM M, we create a Grammar G:

e Language for G:
e Everything in X,
e Everything in K
e Start symbol S
e Symbols > and «

13-55: L. C Lyg

e Configuration (@), >ugw) represented by the string:

>uaRQw<

For example, (Q,> U abc Ll a) is represented by the string > U abc@ U a<
13-56: L. C Lyg
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e For each element in d,; of the form:

L4 ((Qla a)7 (QQv b))
e Add the rule:

° bQ2 — an

e Remember, simulating backwards computation
13-57: L, C Lyg

e For each element in §,; of the form:

L4 ((Qla a)7 (QQv <_))
e Add the rule:

e Q2a — a@q
13-58: L. C Lyg
e For each element in d; of the form:
o (Q1,1),(Q2,+))
e Add the rule
o (Do — LUQ1<
e (undoing erasing extra blanks)
13-59: L. C Lya
e For each element in d; of the form:
o (Q1,a),(Q2,—))
e Add the rule
e abQ)o — a@Q1b
e Forallbe ¥
13-60: L. C Lya
e For each element in d; of the form:
e ((Q1,0),(Q2,—))
e Add the rule
e allQa<q— a1«
e (undoing moving to the right onto unused tape)
13-61: L,. C Lyg

e Finally, add the rules:
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e S —p>Uh«
e >LIQs —¢€

o J— €
13-62: L. C Ly
e If the Turing machine can move from
e >llw to >hL
e Then the Grammar can transform
e > LIQpator L Qswa
e Then, remove > LI () and < to leave w
13-63: L. C Lyqg
e Example:

e Create a Turing Machine that accepts (ab)*, halting in the configuration (h, >L)

e (assume tape starts out as >Llw)
13-64: L. C Lyg
e Example:

e Create a Turing Machine that accepts (ab)*, halting in the configuration (h, >L!)

L— yes
LJ
a b LJ (]
—R-">R> R L~ yes
- y
a b
U
13-65: L. C Lyg
| _[la [ b | U |
a0 || (q¢1,=) | (@1, =) | (¢1,—)
a1 || (g2,—) (qn, <)
02 (g3, —)
g3 || (g2,—) (g4, )
g4 (q57 ‘—l) (q57 I—l) (Qha I—l)
q5 (q4a <_)

2]
13-66: L,. C Lyg

i ((qu a)? (qlv _>))

e aa®)1 — alopa
e abQ1 — aQob
e allQ; — aQol
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e all@1<4— aQp<

13-67: L. C Ly

i ((qu b)? (q17 _>))

e ba@)1 — bQoa
e bb(QQ1 — bQob
e bLIQ; — bQoU
e hLIQ1<4— bQp<

13-68: L,.. C Lyg

* ((90,1),(q1,—))

e Lla@Q, — UQpa
o LIbQ1 — UQd
o LLQ — LIQoL
o LILIQ1<— LUQp<«

13-69: L. C Ly

i ((QD a)7 (qu —>))

e aaQ)e — aQ)ia
e abQs — a@Q1b
e allQy — a@ U
e allQaa— a@1<«

13-70: L. C Lyg
e ((q1,1), (an, <))
e hll — U@,

13-71: L. C Lyg

* ((q2,0),(q3,—))

e baQ)s — bQ2a
e bb(Q3 — bQ-b
e bLIQ3 — bQol
e bhlQ31— bQo<

13-72: L. C Lyg

i ((q37 a)? (q47 _>))

e aas — aQsa
e abQ)y — aQsb
e allQ4 — a@Qs3l
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o allQy<— als<

13-73: L. C Lyg

* ((g4,0), (g5,1))
e LIQ5 — aQy
* ((g4,0), (g5,1))
o LIQs — bQ,
o (a1, (an, L)
o Lh — UQy
* ((g5,1), (g4, 4))
e (4l — LQs

13-74: L. C Lyg

S — > Uhg
>UQp — €

4 — €

aaQ1 — aQqa
abQq — aQqgb
all Q1 = aQoU
alQ14d— aQqpd
baQq1 — bQqpa
bbQ1 — bQob
bUQp — bQoU
bU Q14 — bQpd

13-75: Ly C Lyg

UaQq — UQqa
ubQ1 — UQqpb
UUQp — UQou
U Qi< — UQpd
aaQo — aQia
abQg — aQ1b
al Qg — aQqU
alQod — aQqd
hU — UQq

baQ3 — bQoa

bU Q3 — bQoU
blU Q34 — bQad
aaQy — aQsa
abQyq — aQ3b
alQq — aQzU
alQygd — aQgzd
UQs — aQyg
UQs — bQy

Uh — UQyg

QU — UQp

bbQ3 — bQob

e Generating abab

S

>LIA<

> L Q4

> U UQs<

> LU aQ4<

> U allQs<

> L a@q

> U abliQs<
> L abT@;q
> L abau@

> L abQ4<

> L CLMQ5<1
> U aba@4<
> L abmg,q
> L ababQ@4<

L R A Ao
v
C
)
C
%
A

e Generating abab

> LI ababQ4<

> L abab U @
> Ll ababQo<

> LI abaQ)3b<

> L abQoab<
>la@1bab<

> L Qoabab<
abab«

S R

> Ll ababllQ)3<
> U ababQ2<
> U aba@Q3b<
> L abQ)2ab<
> L a@1bab<
>LIQoabab<
abab>

abab

13-76: L. C Lyg



