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13-0: Language Hierarchy

Re gu]ar Regular Expressions
Finite Automata
Languaes

Context Free Context-Free Grammars
Push-Down Automata
Languages

Recusively Enumerable
Languages 99

Turing Machines




13-1: CFG Review

G=(V,X,R,S5)

® |/ = Set of symbols, both terminals & non-terminals

® > C V setof terminals (alphabet for the language
being described)

® RC ((V—2%)x V") Set of rules
® S e (V—1%) Start symbol




13-2: Unrestricted Grammars

G=(V,X,R,S5)

® |/ = Set of symbols, both terminals & non-terminals

® > C V setof terminals (alphabet for the language
being described)

® RC (V¥(V —X)V* x V*) Set of rules
® S e (V—1%) Start symbol




13-3: Unrestricted Grammars

® RC (V*(V —X)V* x V*) Set of rules

® |n an Unrestricted Grammar, the left-hand side of a
rule contains a string of terminals and
non-terminals (at least one of which must be a

non-terminal)

® Rules are applied just like CFGs:
* Find a substring that matches the LHS of some
rule
* Replace with the RHS of the rule




13-4: Unrestricted Grammars

® To generate a string with an Unrestricted
Grammar:

e Start with the initial symbol

* While the string contains at least one
non-terminal:
- Find a substring that matches the LHS of
some rule
- Replace that substring with the RHS of the
rule




13-5: Unrestricted Grammars

® Example: Grammar for L = {a"b"c" : n > 0}
 First, generate (ABC')*
* Next, non-deterministically rearrange string

e Finally, convert to terminals (A — a, B — b,
etc.), ensuring that string was reordered to form

a*b*c*




13-6: Unrestricted Grammars

® Example: Grammar for L = {a"b"c" : n > 0}
S — ABCS
S =T
CA — AC
BA — AB
CB — BC
CTy — 1qc
1 — 15
BTy — Tgb
Ts — Ty
ATy — Tha
Ty — €




13-7: Unrestricted Grammars

S = ABCS
— ABCABCS
= ABACBCS
= AABCBCS
= AABBCCS
= AABBCCT,
= AABBCT:c
— AABB1cc
= AABBTxcc
= AABT3bce
= AATzbbce

= AAT  bbcc
= AT abbcce
= T'yaabbcc

= aabbcc




13-8: Unrestricted Grammars

S = ABCS

= ABCABCS

= ABCABCABCS
= ABACBCABCS
= AABCBCABCS
— AABCBACBCS
= AABCABCBCS
— AABACBCBCS
= AAABCBCBCS
= AAABBCCBCS
= AAABBCBCCS
= AAABBBCCCS

= AAABBBBCCCTg
= AAABBBCCTc
= AAABBBCTcc

= AAABBB'I ~ccc

= AAABBBTxccce

= AAABBTgbcce

= AAABT5bbcce

= AAATgbbbcee

= AAAT  bbbcce

= AAT sabbbcce

= ATy aabbbcce

= T'yaaabbbcce = aaabbbccece




13-9: Unrestricted Grammars

® Example: Grammar for L = {ww : w € a,b"}




13-10: Unrestricted Grammars

® Example: Grammar for L = {ww : w € a,b"}

® Hints:
 What if we created a string, and then
rearranged it (like (abc)* — a™b"c")




13-11: Unrestricted Grammars

® Example: Grammar for L = {ww : w € a,b"}

® Hints:
 What if we created a string, and then
rearranged it (like (abc)* — a™b"c")
e What about trying ww” ...




13-12: Unrestricted Grammars

 [={ww:wé€a,b}

S =57

S —aS'A

S" —bS'B

S — €
AZ — X7 BZ —YZ
AX — XA AY — YA
BX — XB BY —YB
aX — aa aY — ab

bX — ba bY — bb




13-13: Unrestricted Grammars

® [ Is the set of languages that can be described
by an Unrestricted Grammar:

e Lye ={L : 3 Unrestricted Grammar

G,L|G|=L}
® C|a|m LUG — Lre
® To Prove:

e Prove Ly C L,.
e Prove L,. C Lya




13-14: Lya € Ly

® Given any Unrestricted Grammar G, we can create
a Turing Machine M that semi-decides L|G]




13-15: Ly € L,

® Given any Unrestricted Grammar G, we can create
a Turing Machine M that semi-decides L|G]

® Two tape machine:
* One tape stores the input, unchanged
e Second tape implements the derivation

e Check to see if the derived string matches the
input, if so accept, if not run forever




13-16: Ly € L.,

® Jo implement the derivation on the second tape:
e Write the initial symbol on the second tape

* Non-deterministically move the read/write head
to somewhere on the tape

* Non-deterministically decide which rule to apply

e Scan the current position of the read/write
head, to make sure the LHS of the rule is at
that location

e Remove the LHS of the rule from the tape, and
splice in the RHS




13-17: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

DI 1S

A




13-18: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

DI 1S

A




1319: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Dl IABIC|S

A




13-20: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Dl IABIC|S

A




13-21: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Pl ABICIABIC

A




13-22: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Pl ABICIABIC

A




13-23: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Pl ABAICBIC

A




13-24: Ly € L.,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Pl ABAICBIC

A




13-25: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

bl AJABICBIC

A




13-26: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

bl AJABICBIC

A




13-27: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

bl IAIABBICIC

A




13-28: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

bl IAIABBICIC




13-29: Ly € L,

Input Tape

Dl |ala|b|b|c|c
A

Work Tape

> AIABBICIC[T.

A




13-30: Ly € L,

Input Tape

Dl |ala|b|b|c|c
A

Work Tape

> AIABBICIC[T.




13-31: LUG g Lf,ae

Input Tape

D

a

a

b

b

A

Work Tape

D

A

A

B

B

A




13-32: Ly € L,

Input Tape

D

a

a

b

b

A

Work Tape

D

A

A

B

B




13-33: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> AABBTc

A




13-34: LUG g Lf,ae

Input Tape

>l |ala|b|blc|c

A
Work Tape

> AABBTc

A




13-35: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> AABBT,|c

A




13-36: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> AABBT,|c

A




13-37: LUG g Lf,ae

Input Tape

>l |ala|b|blc|c

A
Work Tape

> IAIAB(T,b|c

A




13-38: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> IAIAB(T,b|c

A




13-39: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> IAJATT)b|b|c

A




13-40: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> IAJATT)b|b|c
A




13-41: Ly € Lye

Input Tape

>l |ala|b|blc|c

A
Work Tape

> IAATT,b|b|c

A




13-42: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

> IAATT,b|b|c

A




13-43: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

>l AT, a/b|b|c

A




13-44: Ly € Lo

Input Tape

>l |ala|b|blc|c

A
Work Tape

>l AT, a/b|b|c

A




13-45: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

b| Mala/b|b|c

A




13-46: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

b| Mala/b|b|c

A




13-47: Ly € L,

Input Tape

>l |ala|b|blc|c

A
Work Tape

Dl |ala|b|blc|c

A




13-48: Ly € L,

Input Tape

>l |ala|b|blc|c

Work Tape

Dl |ala|b|blc|c




13-49: Lm C LUG

® Given any Turing Machine M that semi-decides
the language L, we can create an Unrestricted

Grammar G such that L|G] = L




13-50: Lre C LUG

® Given any Turing Machine M that semi-decides
the language L, we can create an Unrestricted

Grammar G such that L|G] = L

* Will assume that all Turing Machines accept in
the same configuration: (h,>L)

* Not a major restriction — why?




13-51: L. C Lyc

® Given any Turing Machine M that semi-decides
the language L, we can create an Unrestricted

Grammar G such that L|G] = L

* Will assume that all Turing Machines accept in
the same configuration: (h,>L)

* Not a major restriction — why?

 Add a “tape erasing” machine right before the
accepting state, that erases the tape, leaving
the read/write head at the beginning of the tape




13-52: LT-@ C LUG

® Given any Turing Machine M that semi-decides
the language L, we can create an Unrestricted

Grammar G such that L|G] = L
e Grammar: Generates a string

e Turing Machine: Works from string to accept
state

® Two formalisms work in different directions

¢ Simulating Turing Machine with a Grammar can be
difficult ..




13-53: Lre C LUG

® Two formalisms work in different directions
e Simulate a Turing Machine — in reverse!

e Each partial derivation represents a
configuration

e Each rule represents a backwards step in
Turing Machine computation




13-54: L.,.. C Ly

® Givena TM M, we create a Grammar G-

e Language for G-
 Everything in Xy,
 Everything in K,
- Start symbol S
- Symbols > and «




13-55: Lre C LUG

® Configuration (Q), >uaw) represented by the string:
>uaQ)uw<

For example, (Q),> U abc LI a) is represented by the
string > LI abc() L a<




13-56: Lre C LUG

® For each element in d,, of the form:

° ((lea)v (Q%b))
® Add the rule:

* 0()y — al)y

® Remember, simulating backwards computation




13-57: L. C Lyc

® For each element in d,, of the form:

° ((lea)v (Q%%))
® Add the rule:

* (Qoa — al)y




13-38: Lre C LUG

® For each element in d,, of the form:

* (@1, 1), (@2, ¢))
® Add the rule
* ()< — LR
® (undoing erasing extra blanks)




13-39: Lm C LUG

® For each element in d,, of the form:

° ((le a’)v (Q27 %))
® Add the rule
ot CLbQQ — CLle

® Forall b € X




13-60: L,.. C Lyc

® For each element in d,, of the form:

¢ ((le a’)v (Q27 %))
® Add the rule
* all Q< — al)<

® (undoing moving to the right onto unused tape)




® Finally, add the rules:
e S > A
* >R, — €
® J— ¢




13-62: L. C Ly

® |f the Turing machine can move from
e > w to >hLl

® Then the Grammar can transform
e > @Qp<to > U Q,w<

® Then, remove > LI (), and < to leave w




13-63: L. C Lyc
® Example:
e Create a Turing Machine that accepts (ab)*,
halting in the configuration (A, >L)
* (assume tape starts out as >Llw)




13-64: Lm C LUG

® Example:
e Create a Turing Machine that accepts (ab)*,
halting in the configuration (A, >LJ)

L— yes

vl
a b L L
—R—R—R—L—>yes
- a,b
L




a b |
@ | (@1, —) | (@1, =) | (g1, —)
di (QZv %) (th %)
42 (g3, —)
3 (QZa %) (Q47 %)
qs | (g5,Y) | (g5,1) | (gn,V)
ds (g4, )




13-66: L.,.. C Ly
® ((Qo, CL), (Q17 %))
* aal); — al)ya
* ab(); — al)yb
e a U@ — al)yll
* a @< — al)y<




13-67: Lre C LUG

® ((Qo, b)7 (Q17 %))
* ba(); — bQ)ya
* bb(); — b(Qyb
* by — DOl
* b ()< — bQy<




13-68: L.,.. C Ly

e ((Qo, |—|)7 (Q17 %))
* Lla®); — UQya
e LIb(); — LQub
e LILQ; — LUQL
e Q< — LUQu




13-69: L.,.. C Ly
® ((Qh CL), (Q27 %))
* aal)y — al)ia
* ab()y — a().b
e alU(@)y — al) Ul
* alJ(@)y<s — al)<




13-70: L,.. C Ly

° ((Q17|—|)7 (Qh;*))
e hll — LUQ),




13-711: L,.. C Ly

® ((Q% b)7 (Q37 %))
* ba(); — b()sa
* bb()3; — b()yb
* hL (3 — bQ)yL
* b (Q3a — b()y<




13-72: L,.. C Ly
® ((Q37 CL), (Q47 %))
* aal), — al)sa
* ab()y — a)sb
e a U@y — al)sL
* alJ Q< — al)s<




13-73: L. C Ly

® ((g4,a), (g5,))
* LIQs — al)y

® ((g4,0), (g5, 1))
* LIQs — bQ4

® ((Q47 |—|)> (th I_I))
e LIh — LUQy

* ((g5,1), (@, <))
* (U — Qs




13-74: L. C Ly

S — > U hg

> Qo — €

d— €

aa@®1 — aQoa
abQ)1 — aQob
alld@1 — aQoll
all@1< — aQo<
ba@QQ1 — bQoa
bbQ1 — bQob

b Q1 — bQol
b Q14— bQo<

La@1 — UQoa
LIbQ1 — LUQob
LU Qp — LQoU
LI L Q1< — LUQo<
aal)o — al)ia
abQ2 — a@1b
alld@s — a@Q1U
all Qo< — a@QQ1<
hU — LIQ1

ba@3 — bQ2a
bbQ3 — bQ2b

b Q3 — bQ2Ll
b Q31— bQa<
aa@Qe — alQlsa
abQq — a@Q3b
alld@4s — a@Qsll
all Q4< — a@Q)3<
UQs5 — a4
LQs5 — bQ4

Lih — LUQ4

Q4L — LQs




13-75: L.,.. C Ly

® (Generating abab

S

> A<

> LI ()y<

> 1L LIQx<

> L a()y<

> L all@)s<

> LI ab(),<

> L abu@
> Ll aba()y<
> Ll abalJ()s<

4

R 2 R

> Ll h<

>, <

> LI LIG)5<

> L a()4<

> 1L allQx<

> Ll ab(),<

> L abTQﬂ
> Ll aba@),<
> Ll abal d()s<
> Ll ababQ4<




13-76: L,.. C Ly

® (Generating abab

> L ababQy< = > U ababllQ)s<
> Ll abab L (Q3< = > L abab()y<

> Ll ababl)e< = > U aba)sb<

> L aba@)sb<d = > U ab()yab<

> L abQ)eab<s = > LU al)bab<

>LaC)1bab<s = DL yabab<
> L Qoabab<s = abab>
ababd = abab
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