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Through the instrument of computer graphics display recorded on film, a modern version of the microscope--or telescope—we can view the incredibly complicated boundary of the 
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This boundary is a fractal, a set of fractional dimension.  The precise mathematical definitions are brought to life by the computer-generated images and photos.

Complex numbers:  Recall that a complex number  a + bi  has a real number part  a, and an imaginary number part  bi.  

We can represent a complex number in the plane as the point  (a,b).  

Two complex numbers  a+bi  and  c+di  can be added:  a+bi + c+di = a+c + (b+d)i, and multiplied:  (a+bi) * (c+di)  =  ac + adi + bic + bidi  =  ac-bd + (ad+bc)i, 

and in each case the answer is a complex number (also true for subtraction and division, but we won’t even need these). 

Here are some examples to try:
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3+2i + 4+i = 7+3i
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(3+2i)*(4+i) = 10+11i
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(1+i)*(-1+i) = -2

The function  Z —> Z2 + C
Suppose we have some fixed complex number  C.  Then we can take a complex number  Z, square it and add  C  to it, resulting in  Z1 = Z2 + C .  This recipe can be repeated: 

Z2 = (Z1)2 + C                       

     = (Z2+C)2 + C                  

     = Z4+2Z2 C +C2  + C    

and we can make  Z3, Z4, etc., in the same way. 

If we look at their picture in the plane, what do the successive generations of  Zi  look like?

Well, it turns out they can jump around in complicated ways, but basically only two things can happen:    

A.  they are drawn in, like the moth to the flame:  they approach an attractor;

B.  they are scattered afar, like leaves before the wind:  they flee to infinity.

For example, if  C = 0,  then if our starting  Z  is inside the circle with radius 1, it is converges to the origin, if it is outside, it diverges to infinity, and if it is on the circle, the boundary between the two types of starting  Z, it stays on it (moving in a quite complicated, indeed usually chaotic, way).  The circle is not an attractor, since a starting point just off of it will not come near it; instead, it is called an invariant submanifold:  if you are on it, you never leave it.

This boundary, here the nice, smooth unit circle, is called  JC, the Julia set for  C.

The filled-in Julia set, or Fatou set,  FC  for  C  in this case is a disc.

Except for the circle case J0, the Julia set is always a fractal, a statistical fractal, and in obvious ways a strictly self-similar fractal. 
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No matter how complicated the Julia set for  C  may be, it is one of two kinds:

A.  Connected. 

B.  Totally disconnected (indeed, a Cantor set), 

If the first  happens, we say  C  is in the Mandelbrot Set   M.



In the connected case, the filled-in Julia set  FC  will have nonzero area and topological dimension 2 if  C  is in the interior of  M;  that is,  FC  will have an interior.  FC  will have zero area and topological dimension 1 and be the same as JC , if  C  is on the boundary of M.  

In the disconnected case, there is no interior, and again  FC = JC.  This time, like the usual Cantor set, the area is zero, and the topological dimension is also zero.

M itself has an interior, nonzero area, and topological dimension 2.  The boundary of  M  has topological dimension 1, and it was proved only a few years ago by M. Shishikura that this boundary of the Mandelbrot set is a fractal, with fractal dimension 2, and the same applies to the generic Julia set's boundary.  It is self similar only in some extended sense:  nothing repeats in any affinely scaled way.

Another way to tell whether a point C  is in  M  is to take  Z = 0  and see what  Z, Z1, Z2, Z3, ... do.  If they don't flee to infinity, then  

•
JC  is connected.

•
C  is in  M.  Not only does  M  tell whether the Julia set is connected.  It also tells something about what it looks like.  Indeed, it is a visual catalog for the uncountably many different Julia sets!

Other Fractal Images:  The first fractals were the mathematically defined Koch snowflake and Cantor set.  Then stochastic fractals were recognized in natural phenomena like Brownian motion; later they were used to construct images of mountain ranges.  Other natural shapes can be made with the Barnsley-Demko iterated function systems, a combination of precise and random processes; another approach is the shape language or L-system method.  Finally, nature herself has made wonderful fractal surfaces in trees and desert landscapes.

